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Two universality classes for random hyperbranched
polymers
A. Jurjiu,*a R. Dockhorn,a O. Mironovaa and J.-U. Sommerab
We grow AB2 random hyperbranched polymer structures in different ways and using different simulation
methods. In particular we use a method of ad hoc construction of the connectivity matrix and the bond
fluctuation model on a 3D lattice. We show that hyperbranched polymers split into two universality
classes depending on the growth process. For a “slow growth” (SG) process where monomers are added
sequentially to an existing molecule which strictly avoids cluster–cluster aggregation the resulting
structures share all characteristic features with regular dendrimers. For a “quick growth” (QG) process
which allows for cluster–cluster aggregation we obtain structures which can be identified as random
fractals. Without excluded volume interactions the SG model displays a logarithmic growth of the radius
of gyration with respect to the degree of polymerization while the QG model displays a power law
behavior with an exponent of 1/4. By analyzing the spectral properties of the connectivity matrix we
confirm the behavior of dendritic structures for the SG model and the corresponding fractal properties in
the QG case. A mean field model is developed which explains the extension of the hyperbranched
polymers in an athermal solvent for both cases. While the radius of gyration of the QG model shows a
power-law behavior with the exponent value close to 4/5, the corresponding result for the SG model is a
mixed logarithmic–power-law behavior. These different behaviors are confirmed by simulations using
the bond fluctuation model. Our studies indicate that random sequential growth according to our SG
model can be an alternative to the synthesis of perfect dendrimers.
I. Introduction
A fundamental and long-standing problem in polymer physics
is to deduce the relationship between the topology of a macro-
molecule and its static and dynamic properties. Paradigmatic
for the broad interest are regular dendrimers1–14 but also
general treelike structures, so-called hyperbranched poly-
mers.3,8,9,11,15–32 Because of their architectural similarities,
hyperbranched polymers have attracted considerable attention
as possible cheaper alternatives to the more precise den-
drimers. From the chemical side dendrimers are not that
simple to prepare. Their geometrical perfection requires either
inside-out or outside-in procedures consisting of several reac-
tion steps, between which one has to purify the samples from
the unwanted reaction by-products.33,34 Hyperbranched poly-
mers are commonly synthesized in batch reactions and are, in
principle, not limited in their growth compared to dendrimers
where the chemical synthesis usually stops aer ve or six
generations due to the exponential increase of the number of
branches at each generation.
Also for dendrimers with exible spacers their static and
dynamical properties are controlled by random conformations
and thus by statistical properties. It is an open question whether
hyperbranched polymers which in addition have random
structural properties can be an alternative for diverse applica-
tions. One hurdle here is the fact that hyperbranched polymers
can be obtained from different reaction pathways which makes
it even more difficult to predict and to control their actual
properties in a statistical ensemble.
Previous studies,35–43 based on mean-eld models, indicated
that random hyperbranched polymers have a self-similar
(fractal) architecture and their spectral dimension has been
calculated to be ds ¼ 4/3. In ref. 35–39 it has been shown that
the radius of gyration of random hyperbranched polymers
scales with the total number of monomers, N, according to
R0  N
n  N1/4, (1)
with n related to the fractal dimension according to n¼ 1/df thus
leading to df ¼ 4. Recently, Konkolewicz et al.
44,45 have derived a
rate-theory based model for the growth of randomly hyper-
branched polymers consisting of monomers of the form ABC.
The growth of the structures was realized by sequentially adding
new units, a method which avoids cluster–cluster aggregation.
In their case the polymerization involved both BA and CA
links and it was assumed that the B groups were more reactive,
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resulting in the C groups being potential branching points.
Despite the previous studies which associated the hyper-
branched polymers with fractals, they reported a logarithmic
behavior for the radius of gyration as a function of N for their
type of randomly hyperbranched structures instead of a power
law as expected for fractals. We note that all these results are
obtained by ignoring excluded volume interactions between
monomers.
In this work we focus on the topology and static properties of
the random hyperbranched polymers of type AB2. The A and B
represent functional groups that can react with each other but
not with themselves. We show that the AB2 random hyper-
branched polymers split into two universality classes. Depend-
ing on the synthetic pathway either a fractal or a dendrimer-like
topology is obtained. In particular we consider two cases: rst, a
sequential growth by adding monomers and strictly avoiding
cluster–cluster aggregation. Second, a growth process where the
cluster–cluster aggregation is allowed. Since the cluster aggre-
gation or step reaction is a very fast process which can occur at
high monomer densities we call this pathway the “quick
growth” (QG) model while we call the sequential process which
in reality requires very controlled conditions the “slow growth”
(SG) model in the following. A sketch of the two types of growth
is shown in Fig. 1. Here, the slow growth model is illustrated on
the le hand side of the gure and the quick growth model on
the right hand side. Both models yield random hyperbranched
polymers with functionality f ¼ 3 per monomer unit. In
Appendices A and B we provide a detailed description of both
growth processes and how they are implemented in our simu-
lations. We note that already Hölter and Frey46 have proposed a
synthetic pathway for slow addition of AB2 and these authors
have reported a considerable increase of the degree of branch-
ing using this route.
We use two methods to create and investigate hyper-
branched polymers: the model of Generalized Gaussian Struc-
tures (GGS)5,11,15,47–51 applied to the connectivity matrix, and
computer simulations using the Bond Fluctuation Model
(BFM).52,53 The latter allows us to switch on or off the excluded
volume interactions. The GGS model is the natural extension of
the Gaussian chain model to more complex geometries and
does not take into account excluded volume constraints. The
advantage of using the GGS model is that it allows one to
explore very efficiently the structural properties, as well as the
static and dynamical properties of arbitrarily connected poly-
mers by making use of the eigenvalues and eigenvectors of the
connectivity matrix.
We develop a mean-eld model for hyperbranched polymers
which relates their radius of gyration in the presence of a good
solvent to that without the excluded volume. The latter is given
by the connectivity exclusively. We nd a very good quantitative
agreement between the mean-eld model and our simulation
results using the BFM for both universality classes. In partic-
ular, the radius of gyration for structures generated with the QG
model shows a power-law behavior with an exponent close to
0.8, while the structures generated with the SG model show a
mixed logarithmic and power-law behavior as the perfect den-
drimers in a good solvent.54
The rest of this work is structured as follows: in the next
section we introduce the theoretical models with which we
perform our analysis. In Section III we present the results for the
investigated quantities. Our conclusions are given in Section V.
The details of the GGS analysis, spectral properties, and the
creation of the hyperbranched polymers with the two methods
are presented in Appendices A–C.
II. Theory
A. Hyperbranched polymers without excluded volume
The impact of monomer's connectivity on the physical proper-
ties of polymers can be rigorously calculated for “phantom”
polymers by ignoring excluded volume interactions. By
assuming harmonic entropic forces between the exible repeat
units static and dynamic properties can be calculated from a
matrix structure describing the connectivity of the polymer. In
the literature this model has obtained the more technical term
“Generalized Gaussian Structures” or simply GGS.5,11,15,47–51 Here
Fig. 1 SG model (left side) and QG model (right side).
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we briey summarize the main concept of this approach. The
conformation of a polymer is given by the set of position vectors
Rk, where Rk(t) ¼ (Rxk(t), Ryk(t), Rzk(t)) ¼ (Xk(t), Yk(t), Zk(t)) is the
position of the kth repeat unit at time t. As in the theory for
exible chains the repeat unit can be considered as a Kuhn
segment.55,56 For simplicity we will call this in the following a
monomer. The GGS assumption is that the potential energy49,51
is built only of harmonic terms, involving monomers directly
bound to each other:
UðfRKgÞ ¼
K
2
X
b;m;n
RbmAnmRbn (2)
In the sum all bonds are taken to be equal, with spring
constant K ¼ 3kBT/hl
2i (where l is the bond length in thermal
equilibrium); b runs over the components x, y and z. The
connectivity is taken into account through the N  N matrix A.
By denition it is a real symmetric matrix whose nondiagonal
elements Amn equal 1 if the n
th and the mth monomers are
directly connected and 0 otherwise, while the diagonal elements
Ann equal the number of bonds originating from the n
th
monomer. For a linear polymer A corresponds to the Rouse
matrix used to describe the dynamics of ideal polymers.
A basic structural feature of a polymer is its radius of gyra-
tion. The mean squared radius of gyration is denoted by R0
2
when the excluded volume constraints are not considered and
by R2 when they are taken into account. In the framework of the
GGS model the mean squared radius of gyration depends only
on the eigenvalue spectrum of the connectivity matrix48,57,58
R0
2 ¼
hl2i
N
X
N
i¼2
1
li
; (3)
where li are the eigenvalues of the connectivity matrix A andN is
the total number of monomers. The eigenvalue l1 ¼ 0 has to be
excluded from the sum in eqn (3). The smallest non-zero
eigenvalue l2 is connected with the extension and topology of
the structure and the largest eigenvalue lN is determined by
local branching properties. Further properties such as the
average and the longest strand of the randomly connected
structures can be calculated using also the eigenvectors of the
connectivity matrix. Furthermore, the distribution of the
eigenvalues can be related to self-similar properties of the
polymers. Details are presented in Appendix A.
B. Excluded volume
Excluded volume interactions play a major role in highly
branched polymers. In order to understand the effect of
excluded volume on the size of branched polymers we will apply
a Flory-type mean-eld approach. The essential idea is to
consider an elastic strand which extends from the center of the
branched molecule to a terminal monomer.64 We will assume
that the swelling of the molecule due to excluded volume effects
is balanced by the total elasticity of all independent strands. By
further assuming that the distribution of the strands is repre-
sented by a characteristic length g, the free energy up to the
third virial coefficient is given by
F ¼
a
2
N
g

R2
g

þ v0
N2
R3
þ w0
N3
R6
; (4)
where R denotes the characteristic extension of the molecule
(radius of gyration) and a, v0, and w0 are numerical constants.
Here, the length unit is given by the Kuhn segment and energies
are given in units of kBT. We note that this approach has been
originally developed for perfect dendrimers54,59 and is extended
here to arbitrary branched structures. Without excluded volume
interactions and under the given conditions the extension of the
molecule is proportional to the extension of a single Gaussian
strand, i.e.
R0
2 ¼ b$g, (5)
where b denotes a constant which accounts for the numerical
difference of the end-to-end distance of a single strand and the
radius of gyration of the whole molecule. Using eqn (5), we can
rewrite eqn (4) as follows
F ¼
a0
2
N
R2
R0
4
þ v0
N2
R3
þ w0
N3
R6
; (6)
Taking this into account we obtain a minimum solution of
eqn (6) of the general form R(N, R0).
Let us consider the case of a good solvent rst, where we can
ignore the third viral contribution. Then we obtain
R2 ¼ kN2/5R0
8/5. (7)
We note that there is only a single numerical constant, k,
which relates the observables. We note further that R0 can be
directly calculated in computer simulations by switching-off the
excluded volume interactions for a given molecule. To illustrate
the result we consider a few specic cases. For a linear chain, we
have R0
2 ¼ bLN and hence we obtain Flory's classical result: RL
2
¼ kLN
6/5. Next, we consider a perfect dendrimer. Here, the
strand length is given by the product of spacer length, S, and the
number of generations, G, i.e. g¼ GS. On the other hand we can
write more generally for this case: R0
2 ¼ S$ln(aN/S), which
reects the exponential growth of a dendritic structure (N/S 
eG) and which denes the effective number of generations by
G ¼ ln(aN/S). For this case we obtain RDD
2 ¼ kDDN
2/5(GS)4/5. The
latter result has been extensively tested in previous work for
perfect dendrimers and is in very good agreement with
computer simulations.54 Finally, we consider a randomly
branched polymer where the connectivity properties are
controlled by a cluster–cluster aggregation mechanism as
studied by Zimm and Stockmayer.35 Here we have R0
2 ¼ bZSN
1/2
and thus we obtain RZS
2 ¼ kZSN
4/5.
Similarly, we can consider the case of q – solvent, where we
set v0 ¼ 0. This leads to
R2 ¼ dN1/2R0, (8)
where d is again a numerical constant. All results are
summarized in Table 1. We note that for dendrimers and ZS-
type hyperbranched polymers the q – solvent does not
This journal is © The Royal Society of Chemistry 2014 Soft Matter, 2014, 10, 4935–4946 | 4937
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correspond to the ideal or phantom case. The equivalence
between the phantom molecule and theta-conditions is a
specic result for linear chains. Even under poor solvent
conditions, i.e. R  N1/3, the dendrimers and ZS-type hyper-
branched molecules are swollen with respect to the Gaussian
case, a fact which is most dramatic for dendrimers, where
under all solvent conditions a power-law behavior is obtained
while the ideal conformation statistics leads to a logarithmic
behavior.
We note that these considerations are made for neutral
polymers only. In the case of partial or complete charging,
depending on the parameters of the solution (degree of salt,
temperature, pH), in particular, osmotically trapped coun-
terions added to the free energy of eqn (6) lead to swelling of
the structures. In previous work60 we have shown that these
effects lead to swelling of perfect dendrimers as compared to
the neutral case. Since we did not consider charge effects on
the present simulations we do not address this point any
further.
III. Results
Hyperbranched structures are created by two methods: rst, by
ad hoc construction of the connectivity matrix. This corresponds
to a random growth process without spatial restrictions.
Second, we apply the bond uctuation model (BFM)52,53 to grow
polymers respecting the excluded volume constraints in three
dimensions during growth. In both cases we follow two path-
ways: in the quick growth (QG) model all monomers can react
with each other and cluster–cluster aggregation is allowed. Only
formation of cycles is prohibited. In the slow growth (SG) model
starting from a core consisting of a few monomers hyper-
branched polymers are obtained by sequentially adding single
monomers. Here, cluster–cluster aggregation as well as forma-
tion of cycles are not possible. The details of the implementa-
tion of these algorithms can be found in Appendices B and C.
Using the BFM we can furthermore switch-off the excluded
volume constraints aer growth in order to compare with the ad
hoc generated structures. The eigenvalues of the connectivity
matrices of the random hyperbranched structures are obtained
through numerical diagonalizations.61–63 All quantities to be
presented are ensemble averaged. In the Gaussian approach (ad
hoc construction of the connectivity matrix) we generate an
ensemble of 1000 independent random structures of the same
size and calculate the quantity for each generated structure. In
the numerical simulations with BFM we averaged over at least
20 realizations.
A. Radius of gyration and excluded volume
Themean squared radius of gyration is a characteristic measure
for the extension of the branched molecule. In Fig. 2 we show
the results obtained by ad hoc construction of the connectivity
matrix calculated using eqn (3) in the framework of the
Gaussian model which does not account for excluded volume
effects. In this model all bonds have the same length equal to
one; thus the mean squared bond length hl2i ¼ 1. The solid line
with triangles up represents the mean squared radius of gyra-
tion of the random hyperbranched structures built with the SG
model and the solid line with triangles down represents the
mean squared radius of gyration of the random hyperbranched
structures built with the QG model. We used structures ranging
from N ¼ 100 to N ¼ 3000.
In the double-logarithmic scales of the le hand side panel
of Fig. 2 the mean squared radius of gyration of random
hyperbranched structures created with the QG model appears
as a straight line thus obeying a power law R0
2  Na. The best
approximation to our data leads to a ¼ 0.538, the value being
very close to the mean-eld prediction of 1/2. Using eqn (A4) we
nd for the spectral dimension the value ds ¼ 1.3, very close to
ds ¼ 4/3, the theoretical expected value of the spectral dimen-
sion of the random fractals.35–43
For the random hyperbranched structures obtained with the
SG model the mean squared radius of gyration does not obey a
power law and displays a concave curvature in the double log-
arithmic plot. To render this aspect clearer in the right hand
side panel of Fig. 2 we present a semi-logarithmic plot, where
the x-axis is logarithmic and the y-axis is linear. In this repre-
sentation the mean squared radius of gyration of the random
hyperbranched structures created with the SG model (the solid
line with triangles up) appears as a straight line which clearly
indicates a logarithmic behavior as that obtained for the den-
drimers in the ideal case (phantom model).
In Fig. 3 we present the results for R0
2/hl2i obtained from
computer simulations by using BFM without excluded volume
effects. For details see App. C and eqn (C1). The value of the
mean squared bond length, hl2i, was determined to be 7.389 for
both types of random hyperbranched structures. We stress that
excluded volume effects were switched off only in the relaxation
process, while during the growth process of the structures the
Table 1 Radius of gyration for three different polymer structures
under various solvent conditions
R2 Ideal Good solvent q – solvent
Linear chain N N6/5 N  R0
2
Dendrimer SG N2/5R8/50 N
1/2R0
ZS-type hyperbranched N1/2 N4/5 N3/4
Fig. 2 The mean squared radius of gyration calculated in the frame-
work of the Gaussian model using ad hoc construction of the
connectivity matrix.
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excluded volume effects were always taken into account. The
latter may lead to a different branching topology as compared to
the ad hoc construction method. Therefore, we also plotted in
Fig. 2 the results for R0
2 calculated in the framework of the
Gaussian model. In each panel of the gure, for both growing
patterns (SG and QG) and evaluation models (BFM and
Gaussian), we use structures extending from N ¼ 64 to N ¼
4096. The squares represent the simulation data obtained for
the structures built with the SG model and the circles represent
the simulation data obtained for the structures created with the
QG model. The results achieved in the framework of the
Gaussian model are indicated with triangles down for the
structures built with the SG model and with triangles up for the
structures built with the QG model. Furthermore, we added the
best t (non-linear curve tting with two parameters indicated
in the gure with a solid line for SG and with a dashed line for
QG) of the simulation results for the R0
2/hl2i. For the QG model
we used power law function, R0
2/hl2i ¼ 0.644 N0.546, and the
value of the obtained exponent is again very close to the mean-
eld prediction of 1/2. For the simulation results of the R0
2/hl2i
of the structures obtained with the SG model we used a loga-
rithmic function, R0
2/hl2i ¼ 1.88 ln(0.102 N). As in Fig. 2, in the
right hand side panel the corresponding semi-logarithmic view
is displayed. The logarithmic behavior of the polymers created
with the SG model is evident.
For all structures the equivalence between the BFM and the
Gaussian model is evident. Even if in the simulations the
structures were built in a realistic way taking into account the
excluded volume constraints, the relaxation without excluded
volume constraints leads to values for R0
2/hl2i very close to the
ones achieved by using the properties of the connectivity matrix
in the Gaussian model. This indicates that the topology of
hyperbranched polymers in the range of polymerization
considered here is not much inuenced by the spatial restric-
tions during the growth process.
We now turn to the inuence of good solvent conditions.
These can be realized only in the BFM simulation. In Fig. 4 we
display the behavior of the mean squared radius of gyration of
both types of random hyperbranched structures under excluded
volume effects. The squares represent the simulation results
obtained for the structures generated with the SGmodel and the
circles indicate the simulation results obtained for the structures
generated with the QGmodel. The mean squared bond length in
an athermal solvent is slightly extended and is given by hl2i ¼
7.51 for both types of random hyperbranched structures.
In order to rationalize the effects of a good solvent we apply
the mean-eld model according to eqn (7). This leaves us with
Fig. 3 The mean squared radius of gyration calculated using the BFM. The structures were grown under excluded volume constraints and then
relaxed after switching-off excluded volume. For comparison R0
2 calculated with the Gaussian model is also plotted.
Fig. 4 The mean squared radius of gyration calculated using the BFM.
The structures were grown and relaxed under excluded volume
constraints. The solid and dashes lines display the behaviors as pre-
dicted by the mean field model in eqn (7) using the best fits (solid and
dashed lines) of Fig. 3.
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only one free parameter since the radius of gyration for the
phantom case has been obtained before. For the structures built
with the QG model, inserting into eqn (7) the expression of R0
2
determined from the BFM simulations with excluded volume
interactions switched off, one obtains R2¼ kN2/5(0.644 N0.546)4/5.
Fitting the simulation results with its prediction we get k¼ 0.63.
We observe that the simulation results for R2/hl2i of the struc-
ture built with the QG model align well with the tting curve
(solid line), R2/hl2i ¼ 0.443N0.837. Under excluded volume
interactions the behavior of the R2/hl2i of the structures gener-
ated with QG is fully rendered by eqn (7) and its particulariza-
tion, RZS
2 ¼ kZSN
4/5, to the structures built by the cluster–cluster
aggregation mechanism.
In the samemanner, for the structures generated with the SG
model inserting into eqn (7) the expression R0
2 obtained from
the BFM simulations without excluded volume constraints one
gets R2 ¼ kN2/5(1.88 ln(0.102 N))4/5. Fitting the results of the
simulations with this expression yields k¼ 0.47. The simulation
results match very well the theoretical prediction (dashed line)
which clearly indicates a mixed behavior, logarithmic–power-
law and the polymers generated with the SG model are very well
described by the mean-eld approach.
Again, the similarities of the structures built with the SG
model with perfect dendrimers are evident. The same behavior
for the radius of gyration for perfect dendrimers with exible
spacers has been obtained recently in simulations.54 This is also
evident from the exponential growth of the dendrimers
expressed as R0
2 ¼ Sa ln(aN/S), which fully corresponds to the
results for the SG model. In fact, we can associate structures of
the SGmodel with an effective generation and spacer length of a
perfect dendrimer as we will analyze further below in more
detail.
On the right hand side of Fig. 4 we present again the semi-
logarithmic view of R2/hl2i vs. N. For both types of random
hyperbranched structures the tting data lines from the le
hand side panel holds very well also in the logarithmic-linear
scales of the right hand side panel. This strengthens the fact
that under excluded volume constraints the behavior of the
mean squared radius of gyration of both types of random
structures is described by eqn (7). We note that for the struc-
tures built with the SG model for very large values of N the
power-law behavior will become dominant. However, within the
range of polymerization studied in this work the asymptotic
slope of 2/5 is not reached. An attempt to use a power-law t for
the largest SG-polymers is misleading since the logarithmic part
is still essentially contributing up to N ¼ 6000.
B. Mean strand lengths and spectral properties
We have seen above that the structures obtained by ad hoc
construction of the connectivity matrix and by simulation in
three dimensions are statistically equivalent within the range of
parameters investigated here. This fact can be further
substantiated by inspecting the connectivity matrix of the
simulated structures (results not shown). In the following we
will investigate some more properties of the connectivity
structures and we can therefore restrict ourselves to the
connectivity matrices obtained by the ad hoc construction
method.
In Fig. 5 we display the averaged mean strand length, Sm; see
Appendix A, in particular eqn (A9), for the random hyper-
branched structures built with the SG model (solid line with
triangles up) and for the random hyperbranched structures
built with the QG model (dashed line with triangles down). In
each panel, for both types of random hyperbranched polymers
the number of monomers varies from N ¼ 100 to N ¼ 3000.
Without excluded volume interactions and following the
Gaussian statistics the extension of the molecule can be written
according to eqn (5) as R0
2  Sm. Thus, one obtains Sm  N
2ds
ds .
For more details see Appendix A. In the double-logarithmic
scales (le hand side of Fig. 5) the averaged mean strand length
of random hyperbranched structures created with the QG
model appears as a straight line which corresponds to a power
law with an exponent of 0.504. Using this value in the above
power law relation of Sm we determine the spectral dimension
to be ds ¼ 1.329; this value should be compared with the
theoretical value, ds ¼ 4/3, of the random fractals. The accuracy
attained is certainly enough to assess that the random hyper-
branched structures created with the QG model are random
fractals.
The averaged mean strand length of the random structures
built with the SG model does not display a power law behavior.
This aspect is rendered more clearly in the semi-logarithmic
Fig. 5 The averaged mean strand length calculated in the framework
of the Gaussian model using ad hoc construction of the connectivity
matrix.
Fig. 6 The averaged longest strand length calculated in the frame-
work of the Gaussian model using ad hoc construction of the
connectivity matrix.
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presentation (right hand side panel of Fig. 5). Here, the aver-
aged mean strand length of the random hyperbranched struc-
tures built with the SG model appears as a straight line which
indicates a logarithmic behavior in the ideal case.
In Fig. 6 we present the results for the averaged longest
strand length, Sl, calculated based on eqn (A8), for the random
hyperbranched structures created with the SG model (solid
line with triangles up) and with the QG model (solid line with
triangles down). In addition we added results for perfect
dendrimers (solid line with circles) with functionality f¼ 3 and
generations from G ¼ 5 to G ¼ 10. These values correspond to
dendrimers whose number of beads varies from N ¼ 94 (G ¼ 5)
to N ¼ 3070 (G ¼ 10). For the structures created with the QG
model the averaged longest strand length appears as a straight
line showing a power law behavior with the size. For den-
drimers and for the structures created with the SG model a
logarithmic behavior is found as clearly indicated in the right
panel of Fig. 6.
When plotted in linear–linear scales the mean squared
radius of gyration versus the averaged longest strand length
(result not presented here) for random structures built with the
QG model we found the slope of the curve to be nearly 1,
showing that R0
2  Sl. This relationship indicates that the
distribution of the strand lengths, r(S), is non-singular and the
average value is proportional to the largest value. Combining
this relationship with eqn (A4) one nds the following power
law behavior: Sl  N
2ds
ds . From the plot we determined the slope
of the averaged longest strand length of the structures created
with the QG model to be equal to 0.542. Using the value of the
slope in the above relationship for Sl we nd the spectral
dimension to be ds ¼ 1.297 again close to the theoretical value
ds ¼ 4/3 of the random fractals.
Rescaling the asymptotic result obtained for the perfect
dendrimer, Sl ¼ a ln(bN), with the expression Sl ¼ Sa ln

b
S
N

in order to t the results of the SG structures we obtained S ¼
2.8. This indicates that the structures obtained with the SG
model can be related to a perfect dendrimer with an effective
spacer length of S ¼ 2.8. The dashed line in the le panel
indicates this t. This result shows that the strand distribution
is not singular and that the random structures built with the SG
model are imperfect dendrimers.
In order to strengthen the classication of the random
hyperbranched AB2 polymers in two universality classes
depending on the reaction process we nally consider the
smallest eigenvalue, lmin, of the connectivity matrix. In Fig. 7 we
display the behavior of lmin for the random structures created
with the SG model (solid line with triangles up), for the random
structures created with the QG model (solid line with triangles
down), and for the perfect dendrimers (solid line with circles)
with functionality f ¼ 3. All three types of structures display
straight lines in the double logarithmic representation, thus
indicating power laws. Using linear ts we get the following
values of the slopes:1.505 for the QGmodel,1.031 for the SG
model, and1.027 for the perfect dendrimers. As a guide to the
eye the solid line indicates the slope 1. As outlined in
Appendix A, this power law behavior can be again related to the
spectral dimension. Using eqn (A2) with each value of the slope
we determine the following values of the spectral dimension: for
the structures built with the QGmodel, ds¼ 1.328x 4/3; for the
structures built with SG model, ds ¼ 1.939 x 2; and for the
perfect dendrimers, ds ¼ 1.947x 2, respectively. The rst value
again corresponds to the expected result for the random frac-
tals, while the value of 2 corresponds to the Bethe lattice.
IV. Summary and conclusions
In this work we have shown that random hyperbranched poly-
mers of type AB2 can be subdivided into two universality classes
depending on the reaction pathway. The structures obtained by
adding reactive monomers sequentially (SG model) are imper-
fect dendrimers, while the structures obtained by step reaction
allowing for cluster–cluster aggregation (QGmodel) are random
fractals.
Hyperbranched polymers built from direct simulations
using the Bond FluctuationModel and from ad hoc construction
of a random connectivity matrix have been compared. In the
framework of the BFM the hyperbranched polymers are created
under spatial constraints by respecting excluded volume inter-
actions in 3D. The obtained polymers can nevertheless be
relaxed both under excluded volume constraints and by
switching off these constraints. The latter case allows for direct
comparison with the ad hoc constructed connectivity matrices
and also to obtain the reference values for the phantom radius
of gyration as it is used in our mean-eld approach.
For phantom polymers, the mean squared radius of gyration,
R0
2, of the structures created with the QG model shows a power-
law behavior with the power law exponent value close to 0.5,
which is the mean-eld predicted value for random fractals
under ideal conditions. Consequently, the value of the spectral
dimension obtained from the power law exponent is very close
to the theoretical value 4/3 of the spectral dimension of the
random fractals. For the mean squared radius of gyration of the
structures created with the SG model we found a logarithmic
Fig. 7 The behavior of the smallest eigenvalue of the connectivity
matrix. For guidance the simple solid line indicates the slope 1.
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behavior as for perfect dendrimers in the ideal conformation
statistics. From this we claim that these structures are modied
dendrimers.
The very good quantitative agreement of the results for R0
2/
hl2i obtained in both simulation models for both universality
classes shows that under the given range of degree of poly-
merization in our study, i.e. N < 5000, the spatial constraints in
3D during the growth process are not very important for the
obtained random connectivity structure. We note that this
conclusion can be further substantiated by considering the
spectral properties of the polymers obtained with the BFM.
Using the extension of the different structures in the
phantom case and assuming a non-singular distribution of
strands originating from the center of the structure, we have
proposed a Flory-type mean-eld model to predict the extension
of the hyperbranched polymers in a good solvent. We found that
the measured mean squared radius of gyration of each type of
random hyperbranched structure is entirely described by our
mean-eld model. Specically, the particularization of the
general eqn (7) to the structures built with the SG model, ach-
ieved by inserting their corresponding R0
2 determined from the
simulations with excluded volume interaction switched off,
leads to an expression for R2 that fully describes the results
obtained from the simulations with excluded volume switched
on for this type of random hyperbranched structures. In this
case the dependence of the radius of gyration on the degree of
polymerization is given by a mixed power-law and logarithmic
behavior exactly as for perfect dendrimers in a good solvent. We
have shown that SG hyperbranched polymers can be mapped to
dendrimers with an effective spacer length.
For QG hyperbranched polymers the insertion of their R0
2,
determined from the simulations without excluded volume
interactions, into the general eqn (7) leads to a form of R2 that
completely describes the results obtained from the simulations
with excluded volume switched on for the ZS-type of random
structures.
The analysis of the averaged mean strand length and the
averaged longest strand length is in full accord with the results
for the radius of gyration and proves for both universality
classes the relationship R0
2  Sm  Sl.
The spectral dimension of the polymer connectivity can be
directly read-off from the analysis of the smallest eigenvalue of
the connectivity matrix. For the structures built with the QG
model the value of their spectral dimension obtained from the
power law exponent of the smallest eigenvalue is almost iden-
tical to the theoretical value of the spectral dimension of the
random fractals which again proves that these structures are
fractals. The spectral dimension of the structures created with
the SG model determined from the corresponding power law
exponent of the smallest eigenvalue corresponds to that of a
perfect dendrimer which proves that the SG model leads to
imperfect dendrimers.
Our study clearly demonstrates that the reaction pathway for
hyperbranched polymers can change qualitatively the proper-
ties of the resulting structures. Sequentially adding reactive
monomers to an existing cluster and by suppressing cluster–
cluster aggregation lead to polymers which are identical to
regular exible dendrimers in major observable properties.
Only the dominance of the cluster–cluster reactions leads to
structures which correspond to random fractals.
A simple handwaving argument might be used to explain
these ndings: by adding reactive monomers sequentially every
reactive site in the existing structure is chosen with an equal
probability. Therefore, the reactive surface of the structure
grows nearly isotropically. Since loops cannot be formed this
leads to a dendritic structure. This is valid as long spatial
constraints are not important which is equivalent to the claim
that each reactive site is equally accessible. As we have seen in
our direct simulations this is the case for up to several thou-
sands of reactive units. Using this argument, we expect the same
result if the conformation statistics leads to a rather rigid
conformation as long as the accessibility of the reactive sites is
not restricted. However, further simulations would be necessary
to prove this. On the other hand, without breaking the isotropy
of the reactive cluster–cluster aggregation leads to self-simi-
larity in full analogy to the percolation transition on a Bethe-
lattice.
Appendix
A Analysis of the GGS and the spectral properties
For large polymers we can dene the density of eigenvalues r(l),
i.e. the number of eigenvalues within a small interval dl. Then
eqn (3) of the main text can be rewritten as
R0
2 ¼ hl2i
ðlmax
lmin
dllrðlÞ. For isotropic and locally homogeneous
fractal objects the density of eigenvalues, also called spectral
density, shows a power-law behavior according to64–66
r(l)  lds/21 ¼ l(ds2)/2, (A1)
which denes the spectral dimension, ds. For fractal objects
with a spectral dimension less than 2 the smallest eigenvalue,
lmin, is inversely proportional to the time, t, needed by a
random walker to explore the whole fractal of size N. Using the
Zimm–Stockmayer relationship35 N  tds/2 one obtains
lmin  t
1  N2/ds. (A2)
Inserting eqn (A2) into eqn (3) of the main text, one gets for
fractals with ds < 2
R0
2  lmin
ðds2Þ=2: (A3)
Now, combining eqn (A2) and (A3) the mean squared radius
of gyration reads
R0
2  N
2ds
ds : (A4)
The power law relationship of the mean squared radius of
gyration from eqn (A4) is identical to that obtained by Cates.67
For fractal objects with spectral dimension larger than 2 the
mean squared radius of gyration does not depend on the
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smallest eigenvalue, lmin, and thus it does not depend on the
number of monomers, N. Such strongly connected phantom
polymers would collapse and only excluded volume interactions
can stabilize them.48
Within the concept of GGS also other topological properties
can be calculated. First we consider the distance between two
monomers i and j given by Rij ¼ |Rij| ¼ |Ri  Rj|. The mean
squared distances can be expressed in terms of eigenvalues lk
and eigenvectors Qk of the connectivity matrix A.
68,69
D
Rij
2
E
¼

l2

X
N
k¼2

Qk
i Qk
j
2
lk
1: (A5)
We dene the dimensionless distance measure (metrics)
along the structure as
dij ¼
D
Rij
2
E
hl2i
0
@
1
A
0:5
: (A6)
For structures without loops as considered here, d2 gives the
actual number of monomers separating the two monomers.
Using these metrics we can dene the averaged mean strand
length, Sm, and the averaged longest strand length, Sl, origi-
nating from the center of the structure and ending on terminal
monomers. To determine the center of the random hyper-
branched structure we use the following procedure: rst we
identify all terminal monomers which we denote by {nt}. Non-
terminal monomers are denoted by {nnt}. For each non-terminal
monomer, i, we calculate based on eqn (A5) and (A6) the
distances from it to all terminal monomers and sum them,
Di ¼
P
j˛fntg
dij . Then, the center of the structure, c, is the mono-
mer for which the sum of the distances to all terminal mono-
mers is the smallest. It reads:
c ¼ i; with Di ¼ min
i˛fnntg
ðDiÞ (A7)
Having determined the center of the structure, we now
calculate the distances from the center to all terminal mono-
mers based on eqn (A5) and (A6). The longest strand length is
given by:
Sl ¼ dcj ; with dcj ¼ max
j˛fntg

dcj

: (A8)
The mean strand length is given by:
Sm ¼
1
Nt
X
j˛fntg
dcj : (A9)
B Hyperbranched structures by ad hoc construction of
connectivity matrix
In the slow growth model for the ad hoc construction of the
connectivity matrix one starts from an object consisting of 4
monomers arranged in the starwise pattern, the central
monomer being connected with three neighboring monomers.
Each monomer has three links, two B links and one A link, and
the allowed polymerization reaction occurs only between A and
B links. A sketch of the model is shown in the le hand side of
Fig. 1. In the starting object the central monomer has used all
three links, the A link with a B from one neighbor and the two B
links with the A links of the other two neighbors. Two neigh-
boringmonomers of the central monomer have each two B links
free (those that put the A link with the B links of the central
monomer) and the third neighboring monomer (the one that
used a B link with the A of the central monomer) has an A and a
B link free. To these six free links of the starting object one can
add a new monomer. Generally, at every building step of the
structure the reactive monomers, i.e. the ones that have at least
one free link, are kept in a list. In this list a reactive monomer is
counted twice if it has two free links or once if it has only one
free link. The total number of reactive monomers in the list is
equal to the total number of free links. In the second list we
keep the number and the type of the links of each reactive
monomer. As a simple example, for the starting object the list of
reactive monomers consists of six monomer indices corre-
sponding to the three neighboring monomers of the central
monomer, each counted twice (because of having two free links
each). The second list consists of numbers and types of the
neighboring monomers of the central monomer; the rst two
neighbors have two free links of type B each, and the third
neighbor has two free links, one of type A and one of type B.
From the starting object we grow the random hyperbranched
polymer as follows: we randomly choose a monomer from the
list of reactive monomers and from the second list for the
chosen monomer we pick a link from its free links. Then for the
candidate monomer (a new monomer that may be attached to
the structure) we randomly choose a link from its three free
links. If the chosen links, for the reactive monomer and for the
candidate, are of the opposite types then the candidate mono-
mer is added to the structure, and it is connected with a bond to
the chosen reactive monomer. If the chosen links are of the
same type then the attempt is rejected and we repeat the
procedure. Aer a new monomer is added to the structure the
two lists are updated and we iterate the procedure until the
desired number of monomers in the structure is reached.
The authors in ref. 46 and 70 have dened the degree of
branching (DB) of the general type of hyperbranched polymers
ABn. Specically, for the degree of branching of the AB2 hyper-
branched polymers they have dened the following expression:
DB ¼
2D
2Dþ L
; (B1)
where D is the number of dendritic units (in our case the
number of three-coordinated monomers) and L is the number
of linear units (in our case the number of two-coordinated
monomers). Without imposing additional constraints, the
random hyperbranched polymers built with the slow growth
model have the degree of branching, according to eqn (B1), DB
¼ 0.66. We also generate with the SG model random polymers
with DB smaller or larger than 0.66. For these structures we
imposed an additional constraint in the building process; the
addition of the new monomer should satisfy a predened ratio
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L/D. For example, in order to generate random structures with
DB ¼ 0.5 we imposed the additional constraint that each new
monomer can be added to the structure if through its addition
the ratio L/D will be equal to or slightly smaller then 2. For all
quantities that we investigate in the framework of the Gaussian
model we use only structures having DB ¼ 0.66 with one
exception in Fig. 3 where, in order to have the same degree of
branching as the structures grown in computer simulations
with BFM, we use structures with DB ¼ 0.75.
It is important to note that the degree of branching does not
change qualitatively the behaviors of the quantities on which we
focus; the functional dependence of these quantities and the
spectral properties do not change with the changing of the value
of DB, if the mode of growth, i.e. avoiding cluster–cluster
aggregations, is not changed. In fact the DB is an insufficient
measure of the overall connectivity of the structure.
In the quick growth model one starts from a set of N free
monomers, N being the desired number of monomers in the
nal structure. Each monomer from the starting set is a reactive
monomer having two free links of type B and one free link of
type A. A sketch of the QG model is displayed in the right hand
side of Fig. 1. As in the case of the SG model we also use two
lists. The rst list contains the reactive monomers and each
monomer is counted according to its number of free links. The
list of the reactive monomers for the starting set consists of 3N
elements (monomer number from 1 to N). In the second list we
keep for each monomer the monomer number, its free links,
and a cluster index used for preventing formation of loops. In
the starting set for each monomer the monomer number and
the cluster index are identical.
From the starting set of N free monomers we build the
structure by trying to connect at each step two monomers with a
bond. The procedure is as follows: from the list of reactive
monomers one randomly chooses two monomers and from the
second list for each chosenmonomer one randomly picks a link
from its free links. If the chosen links are of the same type the
choice is rejected. In order to prevent loop formation within the
same cluster we next check the cluster indices of the chosen
monomers. If the chosen monomers have different cluster
indices they are connected with a bond. Otherwise the attempt
is rejected. Every time when two monomers are connected with
a bond all monomers of the new cluster take the value of the
smaller cluster index. As a result, in the nal structure all
monomers will have the cluster index of 1. This procedure is
iterated until all monomers are connected in the same cluster.
The random hyperbranched polymers obtained with the QG
model have, according to eqn (B1), the degree of branching DB
¼ 0.5.46,70
C Hyperbranched structures obtained by the bond
uctuation method in three dimensions
To take into account excluded volume effects during the growth
process we use the BFM-algorithm52,53 for the creation and
simulation of the hyperbranched structures. In this coarse-
grainedmodel, the repeat units are modeled as cubes occupying
eight corners on a simple cubic lattice and the connectivity
between the monomers (cubes) is given by a set of 108 bond
vectors out of permutations of six basic vectors. Monte-Carlo-
sampling is then generated by successive jumps of a randomly
chosen monomeric unit along a randomly chosen unit vector of
the lattice. The monomer can be moved to the new position if
the targeted place is not occupied (excluded volume) and all
existing bonds belonging to the bond vector set (cut-avoidance).
The basic time unit is dened as one Monte-Carlo-step, which
corresponds to one attempted monomer move in average.
For the QG model we set-up random congurations of
unconnected single cubes with a volume occupation of 0.5 on
the cubic lattice with size L¼ 128 (L¼ 64) and applying periodic
boundary conditions in all directions. This leads to a total
amount of unconnected monomers of Ntot ¼ 131, 072 (16, 384)
at the beginning, where every monomer corresponds to a AB2-
functional group within the model. At the beginning of the
reaction process we introduce two lists for every monomer. The
rst list contains the information on available functional units
(AB2, AB, A, B2, B, or non-reactive) of the monomer and the
second list represents the cluster index that the monomer
belongs to. During the course of motion monomers can collide
with each other face-to-face (exactly 4 corners of the moving
cube collide with exactly 4 corners of another cube). If this
happens a bond can be formed between them if different
reactive types of monomers collide and if both monomers do
not belong to the same cluster avoiding intra-molecular loops.
This formation of the additional bond will alter the topology of
the cluster and has to be noticed in the two lists. In the rst list
the information of the type of monomers will be updated. Thus,
the type changes accordingly to AB, A, B2, B, or non-reactive
depending on the reaction types. In the second list the cluster
index with the biggest value is replaced for all cluster monomers
with the smaller index of the reactants. This modied BFM-
algorithm is repeated until the size of the biggest cluster has
reached the desired number of monomers N.
Aer the reaction process is completed the biggest cluster is
placed into an empty lattice. Then, the standard BFM-algorithm
is applied for Monte-Carlo-sampling for 2 109MC-steps either
with or without excluded volume constraints realized by
switching on/off the lattice occupation check. The mean
squared radius of gyration is calculated by:
R2 ¼
1
N
X
N
i¼1
ðri  rCOMÞ
2
; (C1)
where rCOM denotes the position of the center-of-mass of the
hyperbranched structure and ri denotes the position of the
monomer i and we perform a time-average every 250 000 MC-
steps. The overall procedure of creating the hyperbranched
structure and evaluating the properties of the biggest cluster is
repeated at least 20 times and ensemble averaged for the cluster
sizes N. The initial number of unconnected monomers Ntot and
therefore the lattice dimensions are set to L ¼ 64 for 64 # N #
512 and L ¼ 128 for 512 # N # 4096.
For the SG model with excluded volume the initial congu-
ration is a linear chain made of 3 monomers. The lattice
properties and degree of polymerization were the same as for
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the QG model. The procedure for the random growth process is
as follows: rst we randomly choose one monomer from the
existing structure. Then, we check the number of the already
existing bonds of the chosen monomer. If this number is less
than 3 we continue by checking if there is a vacant place on the
lattice for the new monomer within the set of the smallest bond
vectors. If this is the case a new monomer is added to the
structure. If one of the criteria is failed a newmonomer from the
existing structure is randomly selected. The growth of the
hyperbranched structure continues until the desired number of
monomers, N, is reached. The polymer is moved according to
the rules of the BFM. One attempted growth event is followed by
several MC moves in order to relax the structure also during the
growth. In this way, the growth proceeds in a dynamic envi-
ronment respecting excluded volume constraints at any time.
When the desired number of repeat units in the hyperbranched
polymer is reached the simulation proceeds as for the QG
model. Again we consider both, relaxation with and without
excluded volume effects.
We emphasize that simulation of hyperbranched polymers
even if they are relaxed without excluded volume constraints
differs a priori from the ad hoc constructed structures since
during the growth process excluded volume constraints are
always considered. The simulation of phantom polymers are
useful rst to compare with the ad hoc constructed polymer
structures and second to implement the results into the mean-
eld model of eqn (7).
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